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Abstract: We realize the weak momentum relaxation in Rindler fluid, which lives on the time-like
cutoff surface in an accelerating frame of flat spacetime. The translational invariance is broken by
massless scalar fields with weak strength. Both of the Ward identity and the momentum relaxation
rate of Rindler fluid are obtained, with higher order correction in terms of the strength of momen-
tum relaxation. The Rindler fluid with momentum relaxation could also be approached through the
near horizon limit of cutoff AdS fluid with momentum relaxation, which lives on a finite time-like
cutoff surface in Anti-de Sitter(AdS) spacetime, and further could be connected with the holographic
conformal fluid living on AdS boundary at infinity. Thus, in the holographic Wilson renormalization
group flow of the fluid/gravity correspondence with momentum relaxation, the Rindler fluid can be
considered as the Infrared Radiation(IR) fixed point, and the holographic conformal fluid plays the
role of the ultraviolet(UV) fixed point.
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1 Introduction
There are several approaches to describe the duality between gravity and lower dimensional fluid,
such as the membrane paradigm [1, 2], and the holographic hydrodynamics based on the AdS/CFT
correspondence [3–6]. In the long wavelength and low frequency limit, the holographic hydrodynamics
is quite universal, which can be considered either on the stretched horizon [7], or on a finite membrane
which can flow from the horizon to the boundary [8]. Another systematic way to study the duality
is the fluid/gravity correspondence [9] which has been further explored in [10–19]. This approach can
also be applied to the membrane paradigm to analyze the horizon dynamics [20, 21].
To build up the connection between the holographic hydrodynamics in AdS/CFT correspondence
and membrane paradigm near a black hole horizon, a finite time-like cutoff surface can be introduced in
the AdS spacetime [22]. The dual fluid lives on the cutoff surface with a Dirichlet boundary condition
as well as a regular horizon, and the cutoff can be taken near the boundary or the horizon separately.
This approach has been further explored in [23–34]. In this case, the asymptotically AdS boundary
is not necessary anymore, and one should consider the perturbations between the horizon and cutoff
surface.
One significant example of this approach is the so-called Rindler fluid, which lives on the time-
like cutoff surface in accelerating frame of flat spacetime [35]. It has been developed systematically
with the fluid/gravity duality in derivative expansion [36–41], and an interesting recursive relation in
Rindler fluid is explored in [42–47]. Rindler fluid can be approached through the near horizon limit
of the dual fluid on the cutoff surface in AdS [48], which will be named as “cutoff AdS fluid” in this
paper. It can also be related to the holographic fluid on the boundary of AdS through AdS/Rindler
correspondence [49, 50]. With a Dirichlet cutoff surface outside the horizon, the causal structure of
the Rindler spacetime with a cutoff is similar to the Poincare patch of AdS spacetime, which provides
one frame to study the holography in flat spacetime and motivate us to study the Rindler fluid in
more details.
An advantage of AdS/CFT is the convenience to study transport properties in strongly coupled
systems [51, 52]. In addition, plentiful progress has been made in the holographic models with broken
– 1 –
translational invariance [53–59]. In one widely used holographic model of Einstein-Maxwell theory,
the momentum relaxation is caused by spatially dependent massless neutral scalars [60–62]. Based on
this simple model, the hydrodynamical description of the weak momentum relaxation is realized in the
fluid/gravity correspondence [63, 64], which can reproduce the known features of holographic transport
coefficients. Here weak means the small strength of momentum relaxation k, and the hydrodynamical
derivative expansion parameter is of order k2. Both of the Ward identity and momentum relaxation
rate can be obtained in the expansion of small parameter k, and higher order corrections appear beyond
the hydrodynamical assumptions of momentum relaxation in [52]. Further studies of the holographic
hydrodynamics without translational symmetry can also be found in [65–67].
On the other hand, the holographic transport coefficients are always expressed in terms of the
horizon data, and can be obtained by solving the hydrodynamical equations on black hole horizon
[68–70]. Since Rindler frame is quite universal and a good approximation to describe the near horizon
limit of non-extremal black holes, it is interesting to see whether we can realize the similar momentum
relaxation in Rindler fluid. In this paper, we will start with the relativistic neutral Rindler fluid
in arbitrary dimensions. As in [63], we consider the strength of the momentum relaxation k as the
small parameter, and assume the derivative expansion in terms of coordinates on the cutoff surface
that ∂a = (∂t, ∂i) ∼ k2. After solving the field equations up to order k3 with appropriate boundary
conditions, we can read off the Ward identity, momentum relaxation rate, and heat conductivity of
Rindler fluid.
In order to confirm our results, as well as to build the relation between Rindler fluid and the
dual boundary fluid in AdS, we also study the momentum relaxation from fluid/gravity duality on
the Dirichlet cutoff surface in AdS. Notice that the forced fluid dynamics dual to AdS gravity with
massless scalar fields has already been studied on the cutoff surface in [28], as well as the generalization
in arbitrary dimensions on the boundary [19], which are helpful for us to compare the results. For
convenience, we will use the name “cutoff AdS fluid” to indicate the “fluid dual to AdS spacetime
with a finite cutoff surface”. Since the calculation of fluid/gravity duality on the cutoff surface is more
complicated than that on the boundary, we turn off the Maxwell field in the paper, which does not
affect our main purposes to extract the Ward identity and momentum relaxation rate.
In all calculations, we will impose the Dirichlet boundary condition at the cutoff surface, and
require the regular boundary condition at the horizon. We will show that the Rindler fluid with
momentum relaxation could also be approached through near horizon limit of the “cutoff AdS fluid”
with momentum relaxation, which lives on a finite time-like cutoff surface in Anti-de Sitter(AdS)
spacetime, and further could be connected with the holographic conformal fluid living on AdS boundary
at infinity. From the viewpoint of holographic Wilson RG flow in the fluid/gravity duality with
momentum relaxation, the Rindler fluid can be considered as the IR fixed point, and the holographic
conformal fluid plays the role as the UV fixed point.
In the following section 2, we study the Rindler fluid with weak momentum relaxation pertur-
batively. In section 3, we study the cutoff AdS fluid with weak momentum relaxation, and analyze
both of the near horizon limit and near boundary limit, which build the flow from Rindelr fluid to
holographic fluid on the AdS boundary. In section 4, we study the relation between Rindler fluid and
holographic Wilson RG flow in fluid/gravity duality with the momentum relaxation. In section 5, we
make the summary and discussion of further topics.
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2 Momentum Relaxation in Rindler Fluid
We start with the Einstein-Hilbert action in p + 2 dimensional flat spacetime, with p massless scalar
fields φI and I = 1, 2, ..., p,
S0 =
1
16piGp+2
∫
dp+2x
√−g
[
R− 1
2
p∑
I=1
(∂φI)2
]
− 1
8piGp+2
∫
dp+1x
√−γK. (2.1)
We use µ, ν = 0, 1, ..., p+ 1 to indicate the indexes of bulk spacetime. Varying the action with respect
to the metric gµν yields the gravitational and scalar field equations,
Rµν − 1
2
Rgµν =
1
2
p∑
I=1
[
∂µφI∂νφI − 1
2
gµν(∂φI)2
]
, (2.2)
∇2φI = 0, I = 1, 2, ..., p . (2.3)
If we consider k as a small parameter, the following p+ 2 dimensional Rindler metric with correc-
tions of order k2, is a perturbed solution of the field equations (2.2) up to k2,
ds2p+2 = −2κ0(r − r0)dt2 + 2dtdr + δijdxidxj
− p
4
(r − r0)(r − rc)k2dt2 −
(r − r
c
)
2κ0
k2δijdx
idxj +O(k4), (2.4)
φI = k xiδiI , xI = x1, x2, ..., xp . (2.5)
Here κ
0
is a constant to indicate the surface gravity in the accelerating frame. We have chosen the
condition that the horizon is located at r = r0 even with the metric corrections of k
2. Also, on the
timelike hypersurface Σc with r = rc , the induced metric is intrinsic flat.
2.1 Fluid/Gravity Duality in Rindler Spacetime with cutoff
In order to study the fluid dual to Rindler spacetime with momentum relaxation, we make the following
coordinate transformation
(r − r0)→
λ2
0
2κ
0
+ (r − r
c
), t→ 1
λ
0
t, λ
0
≡
√
2κ
0
(r
c
− r
0
). (2.6)
λ
0
is a rescale of the time coordinate. The Rindler metric in p + 2 dimension, which is just the first
line in (2.4), becomes
ds2p+2 = −
[
1 +
2κ
0
λ2
0
(r − r
c
)
]
dt2 +
2
λ
0
dtdr + δijdx
idxj . (2.7)
One can read off the horizon position through
gtt(r0) = 0 ⇒ r0 = rc −
λ2
0
2κ
0
. (2.8)
It will become clear that if we introduce the notation p = 2κ
0
/λ
0
and set 2κ
0
= 1, we can recover the
set up in [38]. The p+ 1 dimensional induced metric on the timelike hypersurface r = r
c
is
ds2p+1 = γabdx
adxb = ηabdx
adxb = −dt2 + δijdxidxj , (2.9)
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with a, b = 0, 1, ..., p .
As the usual set up in Rindler fluid, we need to make the boost transformation associated with the
hypersurface dt→ −uadxa, δijdxidxj → habdxadxb, with the projection tensor hab = ηab + uaub. We
assume both of the (p+ 1) velocity ua and the position of the horizon r0 in (2.8) to be x
a dependent.
Then we can solve the field equations, (2.2) and (2.3), in derivative expansion ∂a ∼ k2, with a small k.
We will use superscripts (0),(1) , ... to indicate the number of derivatives. Then, the metric and scalar
field solutions of gravitational and scalar field equations (2.2) and (2.3) up to O(k3) turn out to be
ds2p+2 = gµνdx
µdxν = gabdx
adxb − 2
λ
0
uadx
adr, (2.10)
gab = g
(0)
ab + g
(1)
ab +O(k
4), (2.11)
φI = φ
(0)
I + φ
(1)
I + φ
(2)
I +O(k
4). (2.12)
The leading order term of gab and φI in derivative expansion are
g
(0)
ab = g
(0)
uuuaub + hab, hab ≡ ηab + uaub, (2.13)
φ
(0)
I = k xiδ
iI , xi = x1, x2, ..., xp . (2.14)
and the g
(0)
uu is just the gtt component in the metric (2.7),
g(0)uu = −1−
2κ
0
λ2
0
(r − r
c
) = − r − r0
rc − r0
. (2.15)
Notice that φ
(0)
I = kxI is chosen as the laboratory frame where the velocity u
a is defined.
The first order term of gab in the derivative expansion (2.11) is solved as
g
(1)
ab = g
(1)
uu (r)uaub + 2u(ag
(1)
b)u(r) + g
(1)
hh (r)hab + Fσ(r)σab + Fφ(r)σ
φ
ab, (2.16)
where the metric components are given by
g(1)uu (r) =
(r − r
c
)
λ
0
[
2(p− 1)
p
θ − 2D lnλ
0
+
(1
4
r − r
c
r
0
− r
c
− p− 1
p
) λ
0
2κ
0
θφ − δζ0θφ
]
,
g
(1)
hh (r) = −
(r − r
c
)
2κ0
θφ
p
,
g(1)au (r) =
(r − r
c
)
λ
0
(
aa +D
⊥
a lnλ0 − δj0aφa
)
, (2.17)
where δζ0 and δj0 are two integration constants when solving the Einstein equations. The coefficients
in front of shear tensors are determined to be
Fσ(r) = 0, Fφ(r) = − (r − rc)
2κ0
. (2.18)
Notice that D ≡ ua∂a, D⊥a ≡ hba∂b and the acceleration aa ≡ Dua have been used, and the following
notations are defined through
θφ ≡
p∑
I=1
hab(D⊥a φ
(0)
I )(D
⊥
b φ
(0)
I ),
aφa ≡
p∑
I=1
(D⊥a φ
(0)
I )(Dφ
(0)
I ),
σφab ≡
p∑
I=1
(D⊥a φ
(0)
I )(D
⊥
b φ
(0)
I )−
1
p
θφhab. (2.19)
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As in [63], we ignore the terms (Dφ
(0)
I )
2 which will not appear in the linear theory of our physical
purpose. Up to the second order in derivative expansion, the solutions of the scalar fields are
φ
(1)
I = 0 ,
φ
(2)
I =
(r − r
c
)
2κ0
[
(Dφ
(0)
I )
( λ
0
4κ0
θφ − θ)+ (D⊥a φ(0)I ) (−2aa + δj0aφa)] . (2.20)
Since φ
(2)
I is non-trivial along the r direction, it behaves like the scalar hair in the Rindler spacetime
with a Dirichlet boundary condition at the cutoff surface.
Dual Hydrodynamics. — Now we will define the dual stress tensor and scalar operators on the
timelike hypersurface r = r
c
,
〈Tab〉 = −
[
2 (Kab −Kγab) + 2p
r
c
c
0
γab +
cφ
p− 1
λ0
2κ
0
p∑
I=1
(
(∂aφI∂bφI)− 1
2
γab(∂φI)2
)] ∣∣∣
r=rc
, (2.21)
〈OI〉 = −
[
nµ∂µφI +
cφ
p− 1
λ
0
2κ
0
∂2φI
] ∣∣∣
r=rc
. (2.22)
Here Kab is the extrinsic curvature of the hypersurface, and we set 16piGp+2 = 1 for convenience.
Although on the cutoff surface the counter term is not necessary, we keep the undetermined constants
here, which are helpful to compare with the near horizon limit of the “cutoff AdS fluid” in section 3.
Up to the first order in derivative expansion, we obtain
〈Tab〉 = (e + ζ ′0D lnλ0 − 2θ)uaub + phab − 2η0 σab
+ ζ ′φθ
φuaub + ζφθ
φhab + 2jφa
φ
(aub) − 2ηφσφab +O(k4), (2.23)
〈OI〉 = −(Dφ(0)I )−
1
p
(Dφ
(0)
I )
( θφ
2p
− θ)+ 1
p
(D⊥a φ
(0)
I )(2ab − δj0aφb )ηab +O(k4). (2.24)
We have introduced the following notations of the background metric, where the energy density e,
pressure p, shear viscosity η, and effective bulk viscosity ζ ′ are
e =
2p
rc
c0 , p =
2κ
0
λ0
− e, η0 = 1, ζ ′0 = 0. (2.25)
The coefficients before the terms from the scalar fields are
ηφ =
1
2p
[
1 +
cφ
(p− 1)
]
, jφ = δj0 +
cφ
p− 1 ,
ζφ = δζ0 +
1
p
(p− 2)
2p(p− 1)cφ, ζ
′
φ =
1
p
[
1− cφ
2(p− 1)
]
. (2.26)
On the other hand, the conservation equation of the stress tensor ∂a〈T ab〉=〈OI〉∂bφI leads to
(eζ + pζ)θ +D(eζ) =
p∑
I=1
(Dφ
(0)
I )〈OI〉+ · · · , (2.27)
(eζ + pζ)aa +D
⊥
a (pζ) =
p∑
I=1
(D⊥a φ
(0)
I )〈OI〉+ · · · , (2.28)
where we have introduced the following notations
eζ ≡ ζ ′φθφ, pζ ≡ p + ζφθφ. (2.29)
– 5 –
From (2.27), we conclude that θ ∼ O(k4). From (2.25), we see that on the hypersurface r = r
c
the
Smarr relation of the thermodynamical quantities associated with the metric (2.7) are still satisfied
e + p = T
0
s
0
, T
0
=
κ
0
2piλ
0
, s
0
= 4pi . (2.30)
However, after considering the corrections of O(k2), we need to pay careful attention to the corrections
of thermodynamical quantities.
2.2 Thermodynamics and Linearised Hydrodynamics
To study thermodynamics, we come back to the quasi-static metric up to order k2,
ds2p+2 = gtt(r)dt
2 + gxx(r)δijdx
idxj +
2
λ
0
dtdr,
gtt(r) = −1− 2κ0
λ2
0
(r − r
c
) +
(r − r
c
)
λ
0
[(1
4
r − r
c
r
0
− r
c
− p− 1
p
) λ
0
2κ
0
− δζ0
]
pk2,
gxx(r) = 1− (r − rc)
2κ0
k2 . (2.31)
We will consider thermodynamics on the hypersurface r = r
c
, and choose the ensemble in which the
energy density is fixed with the pressure satisfying the Smarr relation,
e˜ ≡ e + ζ ′φ(pk2), (2.32)
p˜ ≡ p + ζφ(pk2) + δp. (2.33)
We choose the gauge gtt(r0) = 0 in (2.31), which keeps the position of the horizon fixed even with the
corrections of O(k2), then we obtain
δζ0 =
(
1
p
− 3
4
)
1
p
⇒ gtt(r) = −1− (r − rc)
λ0
(
p− p
4
k2
p
r − r
0
r0 − rc
)
. (2.34)
Under this choice, the temperature and energy density at r = r
c
associate with the metric (2.31) are
T˜
0
= −λ0
4pi
g′tt(r0) =
p
4pi
(
1− p
4
k2
p2
)
, (2.35)
s˜
0
= 4pi [gxx(r0)]
p/2
= 4pi
(
1 +
p
2
k2
p2
)
+O(k4). (2.36)
According to the Smarr relation, the gauge parameter δp in (2.33) reads
e˜ + p˜ = T˜
0
s˜
0
⇒ δp = −k
2
p
. (2.37)
Form the constraint equation (2.28), in addition, we obtain
D⊥a (δp) = (δ`0)k
2aa +O(k
4), δ`0 = −
1
p
, (2.38)
which will be used in the calculation of momentum relaxation rate.
Linearised Hydrodynamics. — Under the procedures in [63], we consider the linearised velocity
and temperature field
ua → (1, ui(t)), T˜0(t, xi)→ T˜0 + δT˜0(t, xi). (2.39)
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In the linearised hydrodynamics, we only consider the linear perturbations of ui(t) and δT˜0(t, xi).
Furthermore, to study the frequency dependence of the transport coefficients, it is enough to set ∂iT˜0
to be independent of the position xi. Then, the Ward identity caused by the momentum constraint
(2.28) becomes
∂t [(eζ + pζ)ui] + ∂ipζ = −k2ui + 2k
2
p
∂tui + · · · . (2.40)
Redefining the velocity vi such that it is proportional to the stress tensor 〈T ti〉 ,
〈T ti〉 = (eζ + pζ)ui = (e˜ + p˜)vi, (2.41)
vi =
(eζ + pζ)
(e˜ + p˜)
ui, (2.42)
the Ward identity (2.40) becomes
∂t〈T ti〉+ ∂ip˜ = −τ˜−10 〈T ti〉 − `0k2∂tvi + · · · , (2.43)
τ˜−1
0
=
k2s˜0
4pi(e˜ + p˜)
. (2.44)
The coefficient correction on the right-hand side is
`0 = −
2
p
− δ`0 = −
1
p
, (2.45)
ξ0 ≡ `0T0
s
0
= −1, (2.46)
and δ`0 comes from the contribution of δp in (2.38).
Next, we will extract the thermodynamic response coefficient from the linearised hydrodynamics.
Assuming ∂tvi = −iωvi, we have
vi
[
k2
s˜
0
4pi
− iω
(
e˜ + p˜− k
2
p
)]
= −s˜0∂iT˜0 + · · · , (2.47)
from which we obtain the solution of vi
vi = − 1
1− iωτ
0
4pi
k2
∂iT˜0 + · · · , (2.48)
as well as the momentum relaxation rate
τ−1
0
= τ˜−1
0
[
1 +
`0k
2
(e˜ + p˜)
]−1
=
k2
4piT˜
0
[
1− ξ0 k
2
T 2
0
]
+O(k6). (2.49)
The dimensionless number, `
0
T
0
/s
0
= −1, was defined in (2.46). And from the definition of the heat
current, we can read off the heat current
〈Qi〉 ≡ 〈T ti〉 = (e˜ + p˜)vi = −κ˜ω∂iT˜0 , (2.50)
which leads to the heat conductivity with momentum relaxation
κ˜ω =
1
1− iωτ0
4pis˜
0
T˜
0
k2
, (2.51)
τ−1
0
=
k2
4piT˜
0
[
1− ξ0 k
2
T 2
0
]
+O(k6), (2.52)
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where s˜
0
T˜
0
are given in (2.35) and (2.36). In the DC limit ω → 0, κ˜ω reduces to the formulae
κ˜
DC
≡ lim
ω→0
κ˜ω =
4pis˜
0
T˜
0
k2
. (2.53)
In the next section, we will confirm these results from the near horizon limit of the cutoff AdS fluid.
3 Momentum Relaxation in cutoff AdS Fluid
In order to relate our previous results on momentum relaxation in Rindler fluid with the momentum
relaxation from fluid/gravity correspondence in AdS black brane [63], in this section we start with
Einstein-Hilbert action of (p+ 2)-dimensional AdS gravity with massless scalar fields
SΛ =
1
16piGp+2
∫
dp+2x
√−g
[
R+ 2Λ− 1
2
p∑
I=1
(∂φI)2
]
− 1
8piGp+2
∫
dp+1x
√−γK. (3.1)
The negative cosmological constant Λ = −p(p+1)/2L2, where L indicates the radius of AdS spacetime.
The equations of motion turn out to be
Rµν − 1
2
Rgµν + Λgµν =
1
2
p∑
I=1
[
∂µφI∂νφI − 1
2
gµν(∂φI)2
]
, (3.2)
∇2φI = 0, I = 1, 2, ..., p . (3.3)
There is an exact solution of the equations above, with the metric and scalar fields (see e.g. [60]),
ds2p+2 =
r2
L2
[
−f˜(r)dt˜ 2 + δijdxidxj
]
+
L2
r2
dr2
f˜(r)
, (3.4)
f˜(r) = 1− r
p+1
h
rp+1
− L
2
r2
L2k2
2(p− 1) ,
φI = kxiδiI , I = 1, 2, ..., p. (3.5)
To study hydrodynamics with momentum relaxation, we will follow the set up in [63] and consider
k as a small perturbation parameter, as well as identify ∂a ∼ k2. Thus, in the following, the background
metric we begin with is the black brane metric with an ingoing coordinate time t
ds2 =
r2
L2
[
− f(r)
f(rc)
dt2 + d~x2
]
+
2√
f(rc)
dtdr, f(r) = 1− r
p+1
0
rp+1
. (3.6)
The horizon is located at r = r
0
. The time coordinate t has been rescaled as t→√f(r
c
)t in order to
keep the induced metric on the cutoff surface r = r
c
conformal flat, with γab =
r2
c
L2 ηab. The temperature
and entropy density associate with this metric turn out to be
T
c
=
κ
c
2piλ
c
, κ
c
≡ r
2
0
f ′(r0)
2L2
, (3.7)
s
c
= 4pi
rp
0
Lp
, λ
c
≡
√
f(r
c
) . (3.8)
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3.1 Fluid/Gravity Duality in AdS Spacetime with a cutoff
After boosting the coordinates on the cutoff surface dt → −uadxa, δijdxidxj → habdxadxb, and
assuming the coordinates dependent of the horizon parameter r
0
(xa) and velocity ua(x
a), the metric
and scalar fields which solve the equations of motion (3.2) and (3.3) up to O(k3) turn out to be
ds2p+2 = gµνdx
µdxν = − 2
λc
uadx
adr + gabdx
adxb, (3.9)
gab = g
(0)
ab + g
(1)
ab +O(k
4), (3.10)
φI = φ
(0)
I + φ
(1)
I + φ
(2)
I +O(k
4). (3.11)
Then zeroth order solution in derivatives expansion is
g
(0)
ab = −
r2
L2
f(r)
f(r
c
)
uaub +
r2
L2
hab, hab ≡ ηab + uaub, (3.12)
φ
(0)
I = kxiδ
iI , I = 1, 2, ..., p . (3.13)
Notice that the sources φ
(0)
I are chosen in the laboratory frame. The first order solution of the metric
g
(1)
ab in derivative expansion can be decomposed, along the velocity ua, into
g
(1)
ab = g
(1)
uu (r)uaub + 2u(ag
(1)
b)u(r) + g
(1)
hh hab + Fσ(r)σab + Fφ(r)σ
φ
ab. (3.14)
After requiring the Dirichlet boundary condition at r = r
c
and regular boundary condition at the
horizon of the black brane r = r
0
, the detailed formulas are solved as
g(1)uu (r) =
1
λ2
c
rp−1
∫ r
rc
dr˜r˜p−2
[
L2θφ
2p
+ 2r˜λ
c
θ − r˜
λ
c
(
1− p− 1
2p
rp+1
0
r˜p+1
)(
2θ + δζcθ
φ
)]
,
g(1)au (r) =
1
λ
c
rp−1
∫ r
rc
dr˜r˜p
[
(aa +D
⊥
a lnλc)− δjcaφa
r
c
+
∫ r˜
rc
dr¯
(
p(aa −D⊥a lnλc)
r¯2
− F
′
1(r¯)
r¯
aφa
)]
,
g
(1)
hh (r) =
−r2
pλ
c
∫ r
rc
dr˜
1
r˜2
(
2θ + δζcθ
φ
)
, (3.15)
along with
Fσ(r) = −2λcr2
∫ r
rc
dr˜
1
r˜2f(r˜)
(
1− r
p
0
r˜p
)
,
Fφ(r) = − r
2
p− 1
∫ r
rc
dr˜
L2
r˜3f(r˜)
(
1− r
p−1
0
r˜p−1
)
. (3.16)
Again, we have neglected the irrelevant terms (Dφ
(0)
I )
2. In the solutions (3.15), δζc depends on the
gauge choice of the boundary fluid. For the higher order solutions of the scalar fields in (3.11),
φ
(1)
I = (Dφ
(0)
I )F1(r), F1(r) = −λc
∫ r
rc
dr˜
L2
r˜2f(r˜)
(
1− r
p
0
r˜p
)
. (3.17)
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And φ
(2)
I is solved as
φ
(2)
I =−
∫ r
rc
dr˜L2
r˜p+2f(r˜)
∫ r˜
r
0
dr¯r¯p
{
− (DφI)
λ2
c
r¯p
[
r¯pF ′1(r¯)
(
g(1)uu (r¯)− r¯
(p− 1)
(p+ 1)
2λ2
c
D lnλc
(1− λ2
c
)
)]′
+ (DφI)
[L2
r¯2
θ + λ
c
F ′1(r¯)
(
θ − 2pλ
2
c
D lnλc
(p+ 1)(1− λ2
c
)
)
+
λ
c
2
(
L2
r¯2
+
f(r¯)
λ
c
F ′1(r¯)
)
r¯2
(g(1)hh (r¯)
r¯2
)′]
+ (D⊥a φI)
[
(ab −D⊥b lnλc) +
λ
c
r¯p−2
(
r¯p−2g(1)bu (r¯)
)′ ]L2
r¯2
ηab
+ λc
(
2F ′1(r¯) +
p
r
F1(r¯)
)[
(aaD⊥a φ
(0)
I ) +
(
Dφ
(0)
I D lnλc
) (p+ 1)− (p− 1)λ2
c
(p+ 1)(1− λ2
c
)
]}
. (3.18)
We have used the constraint equations in (3.2),
r2
c
L2
[
f ′(r
c
)
λ
c
θ − 2p
r
c
(Dλ
c
)
]
=
p∑
I=1
(Dφ
(0)
I )(Dφ
(0)
I )
rp
0
rp
c
+O(k4), (3.19)
r2
c
L2
[
f ′(rc)
λ
c
aa +
2p
r
c
(D⊥a λc) +D
⊥
a
(f ′(rc)
λ
c
)]
=
p∑
I=1
(D⊥a φ
(0)
I )(Dφ
(0)
I )
rp
0
rp
c
+O(k4). (3.20)
Dual Hydrodynamics. — With these solutions, now we can calculate the dual stress tensor
and scalar operators on the cutoff surface
〈T ab〉 = −
rp+1
c
Lp+1
[
2 (Kab −Kγab) +
2pcγ
L
γab +
cΛL
p− 1
p∑
I=1
(
(∂aφI∂bφI)− 1
2
γab(∂φI)
2
)] ∣∣∣
r=rc
,
〈O〉 = − r
p+1
c
Lp+1
[
nµ∂µφI +
cΛL
p− 1∂
2φI
] ∣∣∣
r=rc
. (3.21)
After putting into the metric (3.9) and scalar fields (3.11), the final results can be expressed as
〈Tab〉 = Euaub + Phab + ζcθhab − 2ηcσab
+ ζ ′φθ
φuaub + ζφθ
φhab + 2jφa
φ
(aub) − 2ηφσφab +O(k4), (3.22)
〈O〉 = −(Dφ(0)I )
rp
0
Lp
− λ
c
rp+2
c
Lp+2
φ
(2)′
I
∣∣
r=rc
+O(k4). (3.23)
The energy density E and pressure P could be read out from the background metric (3.12),
E = r
p+1
c
Lp+1
[
(cγ − λc)
2p
L
]
, (3.24)
P = r
p+1
c
Lp+1
[
(λc − cγ)
2p
L
+
rc
L
f ′(rc)
λ
c
]
. (3.25)
At the first order in derivative expansion, shear viscosity ηc and bulk viscosity ζc are
η
c
=
rp
c
Lp
[
1 +
λ
c
2
F ′σ(rc)
]
=
rp
0
Lp
, ζ
c
= 0. (3.26)
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As well as the coefficients which are contributed from the scalar fields,
ηφ =
rp−1
c
Lp−1
[
cΛL
2(p− 1) +
rc
L
λc
2
F ′φ(rc)
]
=
L
2(p− 1)
rp−1
0
− rp−1
c
(1− cΛλc)
λ
c
Lp−1
, (3.27)
ζ ′φ =
rp−1
c
Lp−1
[
rc
L
δζc − cΛL
2(p− 1)
]
, jφ =
rp−1
c
Lp−1
[
δjc +
cΛL
(p− 1)
]
, (3.28)
ζφ =
rp−1
c
Lp−1
[
cΛL
2(p− 1)
(p− 2)
p
− L
2pλ
c
+
r
c
L
δζc
2p
(
p+ 1
λ2
c
− (p− 1)
)]
. (3.29)
At the second order in derivative expansion, the term φ
(2)′
I
∣∣
r=rc
in 〈OI〉 at (3.23) could be read out
from solution in (3.18).
The constraint equations ∂a〈T ab 〉 = ∂aφI〈OI〉 turn out to be
(Eζ + Pζ)θ + ub∂bEζ =
p∑
I=1
(Dφ
(0)
I )〈OI〉, (3.30)
(Eζ + Pζ)aa + hab∂bPζ =
p∑
I=1
(D⊥a φ
(0)
I )〈OI〉. (3.31)
And we have introduced the notations
Eζ = E + ζ ′φθφ, Pζ = P + ζφθφ. (3.32)
To meet with the Landau frame choice that ua〈T ab〉 = Eζub, we can set δjc = −cΛL/(p− 1) in (3.28)
such that jφ in (3.22) vanishes. Notice that the Smarr relation is satisfied on the cutoff surface
E + P = T
c
s
c
=
rp+2
c
Lp+2
f ′(r
c
)
λ
c
, T
c
=
r2
0
L2
f ′(r0)
4piλ
c
. (3.33)
While, after considering the correction from momentum relaxation, we need to choose the ensemble
in which Eζ is fixed, as will be shown in the next subsection.
3.2 Thermodynamics and Linearised Hydrodynamics
We define the thermodynamic quantities based on the following quasi-static metric,
ds2p+2 = gtt(r)dt
2 + gxx(r)δijdx
idxj +
2
λ
c
dtdr,
gtt(r) =
r2
L2
f(r)
λ2
c
+ g
(1)
tt (r), gxx(r) =
r2
L2
+ g(1)xx (r),
g
(1)
tt (r) =
k2
λ2
c
rp−1
∫ r
rc
dr˜r˜p−2
[
L2
2
− pr˜
λc
(
1− p− 1
2p
rp+1
0
r˜p+1
)
δζc
]
,
g(1)xx (r) =
r2k2
λ
c
(
1
r
− 1
r
c
)
δζc. (3.34)
Notice that the new horizon r = rh satisfying gtt(rh) = 0 is shifted as
gtt(rh) = 0, rh ≡ r0 + δr0 , (3.35)
⇒ δr
0
= −g
(1)
tt (r0)
g′tt(r0)
=
λ
c
4pi
g
(1)
tt (r0)
T
c
+O(k4). (3.36)
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The local temperature and entropy density on the cutoff surface are given as
T˜
c
= −λc
4pi
g′tt(rh) = Tc
(
rp
0
rph
+
2δr
0
r
0
)
− λc
4pi
g
(1)′
tt (r0) +O(k
4), (3.37)
s˜c = 4pi [gxx(rh)]
p/2
= 4pi
rph
Lp
[
1 +
pL2
2r2h
g(1)xx (rh)
]
+O(k4). (3.38)
We need to define the new energy density and pressure through
E˜ ≡ E + ζ ′φ(pk2), P˜ ≡ P + ζφ(pk2) + δP, (3.39)
such that the Smarr relation is satisfied,
E˜ + P˜ = T˜
c
s˜
c
⇒ δP = r
p−1
c
Lp−2
k2
(p− 1)
[
1
λ
c
(
rp−1
0
rp−1
c
− 1
)
+ cΛ
]
+O(k4). (3.40)
Interestingly, δζc does not appear in δP and
D⊥a (δP) =
rp−1
0
Lp−2
k2
λ
c
[
(D⊥a ln r0)−
D⊥a lnλc
p− 1
(
1− r
p−1
c
rp−1
0
)]
= (δ`
c
)k2aa, (3.41)
where after using the constraint equation in (3.20), we can see that
δ`
c
=
−2λ
c
(p+ 1)− (p− 1)λ2
c
[
2− (p+ 1)
(p− 1)λ2
c
(
1− r
p−1
0
rp−1
c
)
r2
0
r2
c
]
rp−1
0
Lp−2
. (3.42)
Linearised Hydrodynamics. — For the linearised hydrodynamics, again we consider the lin-
earised velocity and the temperature field
ua → (1, ui(t)), T˜c(t, xi)→ T˜c + δT˜c(t, xi). (3.43)
The Ward identity yields the following momentum non-conservation equation (3.31)
(Eζ + Pζ)∂tui + ∂iPζ = −k
2s˜
c
4pi
ui − (`c + δ`c)k2∂tui + · · · . (3.44)
After redefining the velocity vi such that
〈T ti〉 = (Eζ + Pζ)ui = (E˜ + P˜)vi, (3.45)
vi ≡ (Eζ + Pζ)
(E˜ + P˜) ui, (3.46)
the Ward identity for momentum non-conservation equation then up to order O(k4) becomes
∂t〈T ti〉+ ∂iP˜ = −τ¯−1c 〈T ti〉 − `ck2∂tvi + · · · , (3.47)
τ¯−1c =
k2s˜
c
4pi(E˜ + P˜) . (3.48)
Assuming ∂tvi = −iωvi and considering ∂iP˜ = s˜c∂iT˜c , which can be deduced from the first law
of black hole thermodynamics ∂iE˜ = T˜c∂is˜c along with the Smarr relation in (3.40), we then obtain
vi
[
k2
s˜
c
4pi
− iω
(
E˜ + P˜ + `
c
k2
)]
= −s˜
c
∂iT˜c + · · · . (3.49)
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From which we obtain the solution of vi
vi = − 1
1− iωτc
4pi
k2
∂iT˜c + · · · , (3.50)
as well as the momentum relaxation rate
τ−1c =
s˜
c
k2
4pi(E˜ + P˜)
[
1 +
`
c
k2
E˜ + P˜
]−1
=
k2
4piT˜
c
[
1− ξc k
2
T 2
c
]
+O(k6). (3.51)
Here the coefficient `c is given by
`c = λc
[∫ rc
r0
dr˜
r2
0
r˜3f(r˜)
(
1− r
p−1
0
r˜p−1
)
− 1
(p− 1)λ2
c
r2
0
r2
c
(
1− r
p−1
0
rp−1
c
)]
rp−1
0
Lp−2
. (3.52)
Thus, from the definition of the heat current 〈Qi〉, we can read off
〈Qi〉 ≡ 〈T ti〉 = (E˜ + P˜)vi = −κ˜ω∂iT˜c , (3.53)
which leads to the heat conductivity with momentum relaxation
κ˜ω =
1
1− iωτc
4pis˜
c
T˜
c
k2
, (3.54)
τ−1c =
k2
4piT˜c
[
1− `cTc
sc
k2
T 2
c
]
+O(k6). (3.55)
In the DC limit ω → 0, this expression reduces to the formulae in terms of the local entropy density
s˜
c
and temperature T˜
c
, which are given in (3.37) and (3.38),
κ˜
DC
≡ lim
ω→0
κ˜ω =
4pis˜
c
T˜
c
k2
. (3.56)
For simplification, we can rewrite `
c
in (3.52) as the dimensionless form
ξc ≡`cTc
s
c
= (p+ 1)
[
ξ˜p(rc)−
r
c
ξ˜′p(rc)
(p− 1)
]
, (3.57)
ξ˜p(r) ≡
∫ r
r
0
dr˜ r2
0
r˜3f(r˜)
(
1− r
p−1
0
r˜p−1
)
. (3.58)
4 From Conformal Fluid to Rindler Fluid
In the fluid/gravity duality with a finite cutoff surface, the running of the cutoff surface is interpreted
as the holographic Wilson renormalization group flow [22–25], a recent discussion of the dual field
theory on the finite cutoff surface can be found in [71]. However, it has been found that the first
order transport coefficients, such as the ratio of shear viscosity over entropy density ηc/sc = 1/4pi,
does not run with the cutoff surface. In the following, we will show that the dimensionless sub-leading
correction ξc, which is defined in (3.57), will run along with the cutoff scale rc.
The breaking of translational invariance modifies the conservation equations of relativistic hy-
drodynamics into ∂aT ab = ∂bφI〈OI〉, where the Ward identity for the stress tensor controls how
momentum relaxes to equilibrium through scattering of the scalars. Notice that beyond the leading
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order that was studied in [52] with ∂aT ai = −τ−1c T ai, the new holographic Ward identity up to order
k4 suggested in [63] is
∂tT ti + ∂iP = −τ¯−1c Qi − `ck2ai, τ¯−1c =
k2
4piT˜
c
, (4.1)
with the acceleration ai = ∂tvi. It is in (2.44) for our Rindler fluid, and in (3.48) for our cutoff AdS
fluid. For the cutoff AdS fluid, the momentum relaxation rate up to order k4 are
τ−1c =
k2
4piT˜
c
(
1− ξc k
2
T˜ 2
c
)
, ξc =
`cTc
s
c
. (4.2)
The value of ξc is given in (3.57), which is one of our main conclusions. In the following, we will
take both of the near horizon limit and near boundary limit, and plot the running of relaxation rate
τ−1c (Figure 1 and 2) and sub-leading coefficient ξc(Figure 3) along with the cutoff surface rc .
Near horizon limit. — In order to take the near horizon limit r
c
→ r
0
, and match with the
gauge choice in the Rindler fluid, we can choose the gauge g
(1)
uu (r0) = 0 in (3.15) and fix δζc through
g(1)uu (r0) = 0 ⇒ δζc =
L2λ
c
r0(p+ 1)
(
1− p
2
r
c
− r
0
r0
+ ...
)
. (4.3)
We need to make the coordinate transformation
xa → rc
L
xa,
r
c
L
λ
c
→ r0
L
√
f ′(r
0
)(r
c
− r
0
) = λ
0
. (4.4)
The near horizon limit indicates
f(r)
f(rc)
→ f
′(r
0
)(r − r
0
)
f ′(r0)(rc − r0)
+O(λ2
c
). (4.5)
After identifying
2κ
c
=
r2
0
L2
f ′(r
0
) = 2κ
0
, (4.6)
such that T
c
→ T
0
, we can recover the Rindler fluid with momentum relaxation. In particular, the
following dimensionless quantity in (2.46) is re-obtained from the near horizon limit,
lim
rc→r0
ξc = ξ0 = −1. (4.7)
Then from τ−1c in (4.2), we can also recover the formula of τ
−1
0
in (2.52). Notice that in order to keep
the correct physical dimensions, we have restored the surface gravity κ
0
in Rindler fluid instead of
setting 2κ
0
= 1 in the literature [36], and we keep the AdS radius L in the cutoff AdS fluid. After
changing into the notations of the conformal coordinates with (4.4), we can also recover the conversion
and results in [34].
Near boundary limit. — The near boundary limit r
c
→∞ of the cutoff surface in AdS is easier
to reach, since we kept the conformal factor in the metric (3.12). Refer to the procedure in [34], we
can simply set
cγ → 1, cΛ → 1, λc → 1, (4.8)
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to recover all results at the AdS boundary. In particular, the dimensionless number
lim
rc→∞
ξc = ξ∞ ≡ (p+ 1)ξ˜p(∞), (4.9)
ξ˜p(∞) ≡
∫ ∞
r0
dr˜ r2
0
r˜3f(r˜)
(
1− r
p−1
0
r˜p−1
)
. (4.10)
For example, ξ˜2(∞) = (9 ln 3 −
√
3pi)/18 and ξ˜3(∞) = ln 2/2 match with the values in [63, 64].
Intriguingly, the factor ξ˜p(∞) given in (4.10) also appears in the second order transport coefficients of
the holographic conformal fluid [16]. It would be interesting to study the second order hydrodynamics
with momentum relaxation in Rindler fluid and cutoff AdS fluid.
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Figure 1. The momentum relaxation rate τ−1c in terms of the position of the cutoff surface rc. We use r0 to
normalize the unite and take k = 0.03. The holographic fluids live in the p + 1 dimensional spacetime, and
p = 0, 1, ..., 4 from top to down. The solid lines indicate the leading order contribution of τ−1c in (4.2), up to
k2. In the dashed lines the sub-leading terms in τ−1c up to k
4 have been included.
In Figure 1, we plot the momentum relaxation rate τ−1c in terms of the position of the cutoff
surface rc. We have set r0 = 1, k = 0.03 and use r0 to normalize the units. The holographic fluids
live in the p+ 1 dimensional spacetime, and p = 0, 1, ..., 4 from top to down. The solid lines indicate
the leading order contribution of τ−1c in (4.2) up to k
2. In the dashed lines the sub-leading terms in
τ−1c up to k
4 have been included. In order to understand the meaning of the vanishing of momentum
relaxation rate τ−1c in near the horizon limit, it would be more obvious to write down the leading
order contribution in terms of k2 that
τ−1c =
k2
4piTc
=
k2
4piT0
1√
f(rc)
, T0 ≡
r2
0
f ′(r0)
4piL2
. (4.11)
As in the near horizon limit f(rc) → 0, the local temperature Tc = T0√
f(rc)
will be divergent due to
the Tolman relation, which lead to the vanishing of momentum relaxation rate τ−1c . While near the
boundary limit f(rc)→ 1, and τ−1c approach a finite value at each dimension.
Actually in the holographic models, the temperature and the Wilson RG scale are two independent
parameters. In our case, it is not necessary to identify the temperature Tc with the holographic Wilson
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RG scale rc. Through taking a finite cutoff rc, the dual fluid on the cutoff surface has been deformed
from “conformal fluid” into “cutoff AdS fluid”. From the action formula Scutoff = SCFT − SAdS|∞rc , it
is more natural to explain rc as the UV cutoff of the momentum scale. In Figure 2, we show that at
leading order the momentum relaxation rate τ−1c ≡ k
2
4piTc
, which means that if fixing the temperature
Tc and relaxation strength k, the relaxation rate τ
−1
c is independent of the UV cutoff rc. It is not
surprise because we only consider weak strength k and hydrodynamic limit with small wave number.
Thus, the effective “cutoff AdS fluid” shares the same IR physics of the conformal fluid such as the
momentum relaxation rate τ−1c =
k2
4piTc
, the shear viscosity ηc = sc/4pi, and others. In this sense,
Rindler fluid can also be considered as an effective theory of the conformal fluid after taking rc → r0.
However, in Figure 2, the dashed lines indicate the rc dependence of τ
−1
c
4piTc
k2 , with the sub-leading
contributions in (4.2). Roughly, from top to down p = 0, 1, ..., 4. To see their tendency more clearly,
we need to plot the the dimensionless coefficient ξc in (4.2).
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Figure 2. The momentum relaxation rate τ−1c , which is multiplied by
4piTc
k2
, in terms of the position of the
cutoff surface rc. The black solid lines indicate that at the leading order the formula τ
−1
c
4piTc
k2
is independent of
the cutoff scale rc/r0. However, the dashed lines indicate the rc dependence of τ
−1
c
4piTc
k2
, with the sub-leading
contributions in (4.2). Roughly, from top to down p = 0, 1, ..., 4.
In Figure 3, we plot the dimensionless coefficient ξc in terms of the position of cutoff surface rc.
The solid lines are the direct plots of ξc in (3.57), and the dashed lines are taken from ξ∞ in (4.9). In
summary, the dimensionless constant in (3.57) has two limits,
lim
rc→ r0
ξc = ξ0 = −1, (4.12)
lim
rc→∞
ξc = ξ∞ = (p+ 1)ξ˜p(∞). (4.13)
Near the horizon, it recovers the correction in Rindler fluid (2.46), and near the infinity boundary, it
recovers the correction in AdS fluid [63, 64]. Thus, we have shown that even with the weak momentum
relaxation, the Rindler fluid can be still considered as the IR fixed point of holographic Wilson RG
Flow in fluid/gravity duality, and the conformal fluid at the boundary would plays the role as the
UV fixed point. On the other hand, although the Rindler fluid and conformal fluid share the same
η/s = 1/4pi, the sub-leading coefficient ξ0 = −1 in (2.46) and ξ∞ = (p+ 1)ξ˜p(∞) in (4.9) are different
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Figure 3. The dimensionless coefficient ξc in terms of the position of the cutoff surface rc/r0. The holographic
fluids live in the p+ 1 dimensional spacetime, and p = 0, 1, ..., 4 from the bottom up. ξc is the key coefficient
to indicate the sub-leading correction to the momentum relaxation rate in (4.2). The solid lines are the direct
plots of ξc in (3.57), and the dashed lines are taken from ξ∞ in (4.9). For the case of p = 0 and p = 1, ξc is
always negative. They agree with the plots in Figure 2 after considering (4.2).
from each other. Also, in Figure 3, we have shown that how they related with each other along with
the running of a cutoff surface.
5 Conclusion
In this paper, we first introduced the weak momentum relaxation into Rindler fluid, which lives on
the timelike cutoff surface in Rindler frame. The translational invariance is broken by massless scalar
fields with weak strength k. Additionally, the order of derivative expansion in the relativistic fluid
is assumed to be ∂a ∼ k2. We then solved the gravitational field and scalar field equations up to
order k3, and obtained the heat conductivity of Rindler fluid. From the Ward identity up to order
k4, we obtained the momentum relaxation rate up to order k4 in (2.49). Through introducing a finite
cutoff in AdS spacetime and considering both of the near horizon limit and near boundary limit, we
also showed that how the momentum relaxation in Rindler fluid flows to the dual fluid living on the
boundary of AdS. In particular, we obtain the dimensionless coefficient ξc in (3.57). In the IR limit
that r
c
→ r
0
, we have ξc → ξ0 in (2.46). And in the UV limit that rc →∞, we have ξc → ξ∞ in (4.9).
It would be interesting to study the physical meaning of ξc in the further studies.
Our setup is originated from the ansatz in [22], where the effective fluid dual to the gravity inside
a cutoff rc has been studied. Since the metric region from rc to the AdS boundary is all removed, the
rc dependence of physical quantities, such as the diffusion coefficient, shear viscosity, is interpreted as
Wilson RG flow in the dual fluid. With the helpful and technical studies in [34], we have improved
the induced metric on the cutoff as γab =
r2c
L2 ηab, instead of γab = ηab in [22]. The conformal factor
r2c
L2
is kept such that the dual conformal fluid at the AdS boundary can be easily reached through taking
rc →∞. Recent progress of the dual theory on the finite cutoff surface in AdS3 appears in [71], where
the “cutoff AdS theory” is found to be exactly matched with the T T¯ deformation of the CFT2 at
the boundary. Although the higher dimensional generalization is still unclear, the dual “cutoff AdS
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theory” can be considered as either the deformation of CFT, or a kind of effective field theory, such
as Scutoff = SCFT − SAdS|∞rc . In this sense, the action of Rindler fluid can be formally written as
SRindler = SCFT − SAdS|∞r0+, with r0 the position of the horizon. In this paper, for the fluid living on
the finite cutoff surface in AdS spacetime with momentum relaxation, we have checked that we can
recover the Rindler fluid in the near horizon limit, and we can also recover the boundary fluid dual to
AdS in the asymptotic infinity limit.
What’s more, it would be more interesting to consider the charged fluid in further work. In
the holographic condensed matters, the DC response coefficient becomes infinite when the system is
translational invariance. In order to mimic the properties of lattice structure in real materials, there
are extensive studies incorporating the impurity into the system by means of momentum relaxation.
Moreover, the holographic transport coefficients should be well defined at small frequency limit. We
can categorize the models into two types of studies depending on the conditions at AdS boundary as
below. One is the inhomogenous boundary condition, where the dual boundary field is inhomogeneous
in the spatial direction so that source becomes spatially dependent and partial differential equations
have to be solved. See, for example, the lattice models in [53, 54, 59]. The other one is the homogenous
boundary condition, which provides an alternative way to dissipate momentum, and one can avoid
the subtlety of coordinate dependent stress tensor. In particular, by breaking the diffeomorphism
invariance leading to non-divergent free stress tensor. For example, in holographic massive gravity (see
e.g. [55–58]), the finite transport coefficients with momentum relaxation are observed from holographic
point of view. What’s more, in the simple momentum relaxation model that been used in our paper,
scalar fields are chosen in such a way that bulk solutions are homogeneous and isotropic. It is also
feasible to generalise the approach to anisotropic case caused by different momentum relaxations
[72, 73], or spherical fluid dual to the black holes in massive gravity [74, 75], which will be included in
our further studies.
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